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Abstract 

Momentum dependence of quantum corrections with higher-dimensional Lorentz 
violation is examined in electrodynamics on orbifolds. It is shown that effects of the 
Lorentz violation are not decoupled at high energy scales. Despite the loss of the 
higher-dimensional Lorentz invar iance, a higher-dimensional Ward identity is found 
to be fulfilled for one-loop vacuum polarization. This implies that gauge invariance 
may be prior to Lorentz invariance as a guiding principle in higher-dimensional field 
theory. As a universal application of electrodynamics, an extra-dimensional aspect 
for Purry's theorem is emphasized. 



1 Introduction 



Field theory with extra dimensions provides an interesting framework for physics be- 
yond the standard model. As in the four- dimensional case, one of the fundamental keys 
that characterize theory is symmetry which is preserved or broken. In models with ex- 
tra dimensions, a variety of symmetry breaking have been provided p!|-[ri]. It has also 
been shown that combinations of sources for extra-dimensional symmetry breaking are 
relatively accommodating and yield various possibilities [I2]-[I1]- Associated with non- 
renormalizable properties, it is still controversial whether quantum corrections are validly 
extracted in the field-theoretical context. Higher-dimensional field theory can be regarded 
as a high-energy effective theory with a distinct ultraviolet completion. While attempts for 
realistic models have been developed, most of models such as orbifold models with a min- 
imal setup require higher-dimensional Lorentz invariance as a basic symmetry. However, 
extra dimensions are clearly different than our four dimensions. It includes potentially an 
extra-dimensional Lorentz violation. 

If the Lorentz invariance in extra dimensions is violated, it is important to be taken 
into account whether the symmetry breaking is spontaneous or not. When a symmetry 
breaking is described to be spontaneous in a certain theory, the corresponding symmetry 
is expected to be recovered at high energies in its framework. The Higgs mechanism is 
this type of symmetry breaking. Symmetry breaking in orbifolding involves the extra- 
dimensional origin. It is nontrivial whether symmetry is recovered at high energy scales. 
Even if the starting action is Lorentz invariant, loop effects can give rise to a Lorentz vio- 
lation. If a model in the standpoint of effective field theory beyond the standard model al- 
lows that the Lorentz invariance is lost at high energy scales, the starting action should be 
described in a Lorentz-non-invariant manner or only approximately in a Lorentz-invariant 
manner with respect to extra dimensions. The extra-dimensional Lorentz violation has 
been found to affect spectra, Kaluza-Klein parity and parity violation |T5]. Therefore in 
the field-theoretical context it should be clarified if the extra-dimensional Lorentz invari- 
ance on orbifold models is asymptotically preserved. 

In this paper, we study momentum dependence of Lorentz violating terms in elec- 
trodynamics on an orbifold S^/Z2- With an explicit analysis for loop diagrams and 
renormalization, it is shown that effects of the Lorentz violation are not decoupled at 
high energy scales. As another notable feature, despite the loss of the higher-dimensional 
Lorentz invariance, a higher-dimensional Ward identity is found to be fulfilled for one- 
loop vacuum polarization. This implies that higher-dimensional gauge invariance may 
be prior to higher- dimensional Lorentz invariance as a guiding principle in a high-energy 
field theory. We also discuss an extra-dimensional aspect for Furry's theorem. 

The paper is organized as follows. In Sec. [2], our Lorentz violent action is given. In 
Sec. [3l a formalism of a renormalization is shown in the orbifold model. In Sec. HI the 
asymptotic energy dependence of Lorentz violating terms is given. It is also shown that 
higher-dimensional Ward identity is fulfilled for one-loop vacuum polarization. In Sec. El 
a discussion about Furry's theorem is given. In Sec. O we conclude with some remark. 
The detail of loop corrections is summarized in Appendix |Al 
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2 Five-dimensional electrodynamics and Lorentz vi- 
olation 



We start with the action for five- dimensional quantum electrodynamics, 

S = Sli + Slv + Sgf, (2.1) 
with the Lorentz invariant action, 

Sli = j dy (^-\fmnF''^ + ^^7*^DmV^) , (2.2) 

and the Lorentz violating action 

Slv = j dy (^-^F.yF'^y + ki^i^^'Dyi^ , (2.3) 

where A and k are dimensionless coupling constants and their nonzero values indicate 
the violation of the five-dimensional Lorentz invariance. After a renormalization, both of 
A and k are momentum-dependent. The Lorentz violating terms such as ip'^^ip can be 
absorbed by the terms in Eq. f l2.3p via a field redefinition [15J. The actions fl2.2p and fl2.3p 
have gauge invariance although its form is not in a Lorentz-invariant way. The gauge 
fixing action is denoted as Sgf-, whose explicit form will be given after a field redefinition 
with respect to renormalization factors. The fifth-dimensional Lorentz violation is only 
taken into account while the four- dimensional Lorentz invariance is preserved. The five- 
dimensional indices are denoted as M. Greek indices run over 0,1,2,3 and the fifth index 
is denoted as y. The gamma matrices are given by 



where the Pauli sigma matrices are used as = (l2,o"*) and a'^ = (—I2, cr*). The five- 
dimensional covariant derivative is defined as Dm = — W^m- The extra-dimensional 
space is compactified on S^/Z2, where the fundamental region is < y < L. The five- 
dimensional spacetime is fiat with the metric (1, —1, —1, —1, —1). The orbifold boundary 
conditions for gauge fields and fermions are 

Ai,ix,-y) = A^{x,y), A^{x, L - y) = A^{x, L + y), (2.5) 
Ay{x,-y) = -Ay{x,y), Ay{x, L - y) = -Ay{x, L + y), (2.6) 
^ix,-y) = h^^ix,y), i){x,L-y) =i-i^i){x,L + y), (2.7) 

such that the photon and left-handed Weyl fermion have zero mode. 

In order to perform renormalized perturbation, we define renormalized fields as 

A^ = Zy'V, Ay = Zl'^Ayr, V = 4^'V'r. (2.8) 

The Lagrangian terms for the gauge field are rewritten as 
-\fmnF^''' - ^F,yF^y 

— p T^MN p 

-^-5^F^,,Fr + U^d.Ayrd^'Ay, - hd^Ay^dyA^^ + U,,dyA^,dyA^^ , (2.9) 
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where is the renormahzed couphng for A. Among the counterterms in the equation 
f l2.9p . the cross term d^AyrdyAff also appears. The renormahzation factors are given by 



Si 
S3 



Za-1, 62 = {l + X)Z,-{l + Xr), (2.10) 
(1 + X)Za - (1 + A,), ^4 = (1 + X)Zl/'z'f - (1 + A,). (2.11) 



The part of the gauge field has the original three coefficients A, Za and Z5. One of the 
four renormahzation factors 6i, - ■ ■ ,64 can be written in terms of the other factors. For 
example, ^4 is 



:i + A)(i+5i) 



60 — 5:^ 



L(l + A)(l + 5i 



1/2 



- 1 > + 53. 



(2.12) 



The equation (12.91) has gauge invariance although it is not the five- dimensional Lorentz 
invariant form. It is convenient to choose the gauge fixing action as 



GF 



j d'x-\ £^ dy (^-^ {d.A'^ - e(l + Xr)dyAyrf^ . (2.13) 



For the gauge ^ = 1, the kinetic term and A,, term in Eq. (12. 9 p and the gauge fixing yield 

- i [d^A.rd^A''^ - (1 + Xr)dyA^rdyA'^] + i [d^Ayrd^Ayr - (1 + Xr)dyAyrdyAyr'\ ,(2.14) 



where the rescaling has been employed as Ayr = \/l + A^ Ayr for the canonical normaliza- 
tion. Unless 1 + A > 0, tachyonic degrees arise. At the moment its positivity is assumed. 
The cross terms of A^ and Ay are gathered into a total derivative —(1 + Xr)dy{A!^dfj,Ayr), 
which is vanishing due to periodicity. From Eqs. (12. ip and (12. 8p . the Lagrangian terms 
for the fermion are rewritten as 

Ipri'y'^ dMi>r + krlprh^dyl/jr + S^l/jri^ 9ij.i>r + SQlpri^J^ Oyijjr , (2-15) 

where kr is the renormahzed coupling for k. Correspondingly to the two coefficients k and 
Z^, the renormahzation factors are given by 65 = Z^ — 1 and 56 = {I + k)Z^ — {1 + kr)- 
The Lagrangian terms of interactions are rewritten as 



grAf^r^prl^i^r + iMrgrAyrAl^ A + ^Y^arAl^i^r + ^S^yr^rT^^; 



(2.16) 



with the rescaled field Ayr for Ayr. Here A/",. = — ^(1 + kr)/\/l + Xr- The renormahzation 

1 /2 

factors are 6j = gZ^ Z^—gr and 6s = Ss{6i, ■ ■ ■ ,6y, kr, Xr, gr)- For couplings and fields, the 
subscript r and tilde to indicate renormahzed and rescaled quantities will be suppressed 
hereafter. 

In order to calculate quantum loop corrections, we write down the four-dimensional 
Lagrangian based on a mode expansion. From the equations of motion, the mode expan- 
sion of fields is given by 



-^A^o{x) + ^A^n{x) COS (^^y 

* n=l 



(2.17) 



3 



oo ,2 



y) = J2\l L^yni^) sin {^y) ' (2-18) 

n=l 

i^L{x, y) = -^IpLoix) + )j^^Ln{x) COS (^2/) , (2-19) 
^ n=l 

M^, y) = J2]J I'i'Rnix) sin (^1/) . (2.20) 

n=l 

After the integration of the fifth space, the four-dimensional Lagrangian is obtained as 

= ^t;-^ + + >^rss + >cr' + Ant. (2.21) 

Here the quadratic Lagrangians are given by 
1 1 °° 

n=l 

-\s,F,^Fr -\f2 (ls,F,^nFr - aTX]<nA^nA>^) ' (2-22) 

n=l ^ ^ ^ ' 

-^X^ ^ 2 ^ i'^fj'^ynd'^Ayn — m\^AynAyn) + 2^ _^ ^ d^Aynd^Ayn, (2.23) 

n=l ^ n=l 

r 00 

CTss = 7Y^E^^"(^M^^")^n, (2.24) 
^ n=l 

00 
n=l 

00 / 5 \ 

+S5'ipoh''PLd^,^0 + ^" ( ^5^''^;. - Q^^N ^V'n j V'n. (2.25) 
n=l ^ V / / 

The Lagrangian -C^"^'^ for has countcrterms for 6i and ^3. The Lagrangian C'^^'^ 
for has a counterterm for 62- For the Lagrangian /^crxfss > there is a cross term only 
for the counterterm. The renormalization factor ^4 is not independent of 61,62,63. The 
Lagrangian for ip has counterterms for ^5 and 6e- The n-th masses of bosons and 

fermion are 



mAi,n = Vl + X— = ruAyn = ^An, m^n = (l + A;) — . (2.26) 



We have defined Dirac fermions as 



and introduced the ieft-chiral projection operator Pl = (I2 + ^7^)/2. The interaction 
terms of the Lagrangian are 

00 



.'int 



* n=l ''^ 



oo 
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n=l * 



oo 



n+m,i 



/, 1 V 

n,m/=l ' 



oo 

— f V L 

n=l 



+ ^ A/"— ^ - + ^/'„i7^Aj^mV'£^n+£,m} , (2.28) 

n,m,<:=l 

where counterterms for interactions have been omitted. The sum of modes for three 
indices is denoted as Yl^mi=i ~ Yl^=iYl^=iYlT=i- ^^^^ level, A and k affect the 
Kaluza-Klein spectrum given in Eq. f l2.26p . The equation f l2.23p means that has no 
counterterm for the mass. As an explicit consistency check, it will be shown that the one- 
loop two-point function for Ay^ has the bulk divergence only for a four-momentum term. 
In Eq. f l2.28p . the terms ipnPLAyn^'o and ipoPjiAynipn have relative sign and ipnAym'ipi has 
the factor {6n,Tn+e — ^n+m/)- The importance of their signs will be emphasized in Sec. |5l 

3 Renormalization on orbifolds 

In this section, we give a formalism of the renormalization for two-point functions for 
and Ay. The one- loop vacuum polarizations for and Ay are diagonal with respect to 
Kaluza-Klein modes. The detail of a calculation is summarized in Appendix El 
The tree level propagators for the s-th fields A^s and Ays are 

D,Ap') = , . , D,,{p') = V— (3-1) 

pZ _ ^Z^^ _|_ pZ _ rjj^Z^^ _|_ 

where = p^p^. For simplicity, ie will be omitted hereafter. Exact propagators can 
be decomposed with one-particle irreducible amplitudes. At one-loop level, diagrams of 
the decomposition are shown in Figure [H where an unshaded circle denotes a one-loop 
diagram. The corresponding equations are written as 

G^. = D,, + D.pW'^G,, + D^^n^^Gs., (3.2) 

G55 = /^55 + /^ssn^^Gss + /^ssn^'^G.s, (3.3) 

G5. = I^ssn^'^G.. + Z^ssH^^Gs., (3.4) 

= D^.W^'G,^ + D^pH^^Gss. (3.5) 

The one-loop vacuum polarizations have the tensor structure given by 

Yi^u = ^iV^iu + ^2PfiPu, = -n^^ = ^SPfi = ^5(1, (3.6) 

where the explicit forms of Hi, 112 and lis will be given later. With these quantities, the 
one-loop exact propagators are solved as 

r — -P55 
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s s s S s s s 



s s 



^ --0-0-- - - 

s s s s s 

= --OO^ + --O-O^ 

s s s s s s 



G55 



Figure 1: One-loop decomposition of exact propagators. 



D55 [(^55n2)(i - i^ssn^') + {D^^n^?]p^p, 

(1 + DssHi) [(1 - A5n55)(l + D55(ni + n2p2)) + (DssHs) V] ' 
Z}55(l + ^55(ni+n2p2)) 



^1 - D,,W^){1 + D55(ni + n2p2)) + (DssHa) V 

^55(^55n3) 

:i - D55n55)(l + D55(ni + n2p2)) + (DgsHs) V 



(3.7) 
(3.8) 
(3.9) 



where G^^ = G^y. 

Now we perform the renormahzation. From the Lagrangians (I2.22p . (I2.23P and (I2.24p . 
the contributions of counterterms are led to 



i5- 



3 2 



+ A 



l + A 



rriAsPt^, 



i6' 



l + A 



2 2 



(3.10) 
(3.11) 



Only three renormahzation factors among - ■ ■ ,64 are independent. All the divergence 
associated with 111,112,113,11^^ must be removed with three renormahzation factors. As 
the first step, it is convenient to fix the renormahzation condition for the off-diagonal 
component, G^y^m^^) = 0. This condition yield 



0, 



(3.12) 



which corresponds to the fixing of ^4. For Ila = 0, the other propagators are simplified as 



G 



D 



55 



G. 



i + D55(ni + n2p2) 
^55 



^55n2 

1 + I^ssHi 



{P^Vf^v - PtiPu 



55 



1 - /^ssn^s 



(3.13) 
(3.14) 



For Eq. fl3.13p . G^^, the term of {p^rj^y — p^Pu) is renormalized with the counterterm for 
61. The corresponding renormahzation condition can be imposed as 



(3.15) 
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As we will show explicitly, the divergent part for Hi and 11^^ satisfy ((ni+p^n2)/m^^)div = 
(n^^/p^)div at one-loop level. This reduces to 82 = S3. Thus the renormalization can be 
chosen as 



On the other hand, the finite part is ((IIi + p'^112) / m\g) 7^ (II^^/p^). This means that the 
propagator for Ay receives finite mass corrections with 11^^ (m^^) 7^ 0. For the divergent 
part, it will be found in the following sections that at one- loop level, 62 = S3 = 64 = 
(1 -|- kySi. Thus the momentum-dependent vacuum polarizations ni(p^), n2(p^), ^sip^) 
and n^^(p^) can be achieved after the divergent part is fixed with the renormalization 
conditions f l3.12p . f l3.15p and f l3.16p . From these equations, we can identify the asymptotic 
behavior of the Ili{p^), 112 (p^), 1^3 (p^) and 11^^ (j9^). It needs to be checked if Lorentz 
invariance is preserved at high energy scales. 

Renormalization for fermion self-energies would be given in a similar procedure. It 
may be technically complicated since one-loop self-energies are not diagonal with respect 
to Kaluza-Klein modes. This can be found from explicit one-loop amplitudes summarized 
in Appendix |Al A feasible way to treat off-diagonal components has been developed in 
Ref . [16] . At the first step to address asymptotic behavior of the Lorentz violation, we are 
interest in not only Lorentz invariance but also gauge invariance. Both of these invariances 
can be simultaneously examined when the vacuum polarization rather than the self-energy 
is analyzed. Therefore we focus on the effects on the vacuum polarization for and Ay 
and the issue for determining momentum-dependent amplitudes with external fermions 
will be left for future work. 

4 Energy dependence of Lorentz violating terms and 
higher-dimensional Ward identity 

Following the formalism of the previous section, we analyze explicit one-loop results for 
the Lorentz violation. The one-loop contributions for the vacuum polarization, 11^^'' , 112^'' , 
n^^^ and n55(i) are given via the dimensional regularization by 



ni(mL) = o. 



(3.16) 



(47r)2(l + A:) 




1 




•3 ■ cos(27rnpXs) 




^3(^3 + 2^4)6 ^3 (1 — 2x)m^s sin(27rnpxs) 



(4.1) 




xx(l — x)} , 



(4.2) 
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xx(l — x)m^s 

1 V — \ _ 224 

+- Z3{z3 + 2zi)e "3 (1 - 2x) sm{27TnpXs) ^ , (4.3) 

np=l 

1 V — -\ 2-^4 

-- ['^^1(^3 + 2-24) + 2z3{2x{l - x)m^^)] e~~ cos{27inpXs) 

np=l 

1 v-^ _2f4 I 

+ - zsi^zs + 2zi)e (1 - 2x)m^s sin(27rnpxs) > , 

np=l I 



(4.4) 



where = (1 + k)/{npL) and z^ = yx(l — x)(m^^ — p'^)- In the above equations, the 
np-independent part is finite due to the dimensional regularization in spacetime with 
odd dimensions but it is potentially divergent. For the rip-independent part, {U^i^ + 
p^n^i))/^^^ = U^^W/p^ is satisfied. 

From the renormalization conditions f l3.12p . fl3.15p and f l3.16p . the renormalization 
factors 61, ■ ■ ■ ,64^ are fixed. Then the renormalized vacuum polarizations are given by 

Il,{p') = uf\p')-Uf\ml,), (4.5) 

n55(p^) = n55«(p2) 



—ip^ 



,(4.6) 



where j = 1, 2, 3. At high energies, the vacuum polarizations behave as 

w^ip') ^ w^:{p') = [-{p'v^'' - p^pn - Ar'ml^v'"] nr (p'), (4.7) 

n>^'{p') ^ n^Jip') = -zAf\p''mAs)IlT{p'), (4.8) 
U''{p') ^ U'^ip') = -ArVnr(/), (4.9) 

where n^(p^) = —8ig'^{ATT)~'^(l + k)~^ dx Z4x{l — x). In obtaining the asymptotic 
values (14. 7p . (14.80 and (14.90 . we have employed the renormalization factors and Z5 
and the renormalized coupling constant A so as to satisfy the renormalization conditions. 
Explicitly these constants are given by 

Z^ = l + 24'^(miJ, (4.10) 

., (i-nf'K.)-g^)\ (4.11) 

A. = A-(l + A)^HiViJ. (4_^2) 

where the subscript r indicates a renormalized quantity again to avoid confusion. The 
equations (14. 8 p and (14. 9 p include Mr in which A^ obeys Eq. (I4.12p and is generally nonva- 
nishing. Thus the extra-dimensional Lorentz invariance is violated in a generic region in 
the parameter space at high energy scales. Especially A = does not mean A^ = 0. 
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To identify the effect of the violation of translation invariance due to the brane, we 
consider the limit L — )■ oo. For this limit, the factor approaches zero, — )■ as 
so that the vacuum polarization become Eqs. (14 .yp . f l4.8p and fl4.9p . Then A,, is given in 
Eq. fl4.12p . In the representation fl4.12p . the limit yields n^^^(m^J as L~^. Thus the 
couping constant for L — > oo is A,. — ?■ A. Therefore the infinite compactification radius 
and zero original A can recover the higher-dimensional Lorentz invariance. 

Now we move on to the issue of Ward identity. We compare the Lorentz violating case 
with a simple extension of the four-dimensional quantum electrodynamics. In a simple 
extension, the vacuum polarization has the form = {p^^p^ — p^piT]'^'^)]!. This is 

decomposed as 

Kd = [- {pV" - p'p") + py] n, n^^ = (pV)n, n^^ = p' n. (4.i3) 

which satisfy the identities, 

p^n^^ + psn^^ = 0, p,uf^ + p,ull = 0. (4.i4) 

On the other hand, the asymptotic vacuum polarization given in Eq. ( 14.70 . ( 14.80 and ( 14.90 
have the relation 

p,U^^ + zmAsIll: = 0, p,U^! - 2m^,nL' = 0. (4.15) 

From the correspondence Ui^^ o Ilgj^, o iW^^ and Il^g ^ we find that the 

one-loop vacuum polarizations satisfy the five-dimensional Ward identity even without 
preserving the five-dimensional Lorentz invariance. 

5 Furry's theorem on orbifolds 

So far we have examined the properties of the vacuum polarizations with an explicit 
diagrammatic calculation. In this section, we give a formal aspect in higher-dimensional 
gauge theory. 

In the four- dimensional electrodynamics, the charge conjugation is a symmetry of the 
theory, C\fl) = where C denotes the charge conjugation and \Q) is the vacuum state. 
The electromagnetic current, = ipj^tp changes sign under the charge conjugation, 
Cj^{x)C^ = —j^{x) so that its vacuum expectation value is vanishing, {fl\Tj^^{x)\Q) = 0. 
Furry's theorem states that any vacuum vacuum expectation value of an odd number of 
electromagnetic currents is vanishing. 

Now we consider a two-current function Aiy = {Tj'^{xi)jY{x2)) by introducing an- 
other operator jy = ipip ^i^nd by imaging gauge and Yukawa interactions for external lines. 
Here the ground state of the free theory with the symmetry of the charge conjugation is 
denoted as ). Because of the charge conjugation CjY{x)C^ = +jy(a:), the two-current 
function Aiy is vanishing. At the first sight, the function Aiy with gauge and Yukawa 
interactions seems to look like the vacuum polarizations 11^^ and H^^. On the other hand, 
the vacuum polarization Ilg^ is not vanishing for nonzero 11^]^ as seen from Eq. (14.131) . 
We have also explicitly derived a nonzero II'^^. Thus the structure of II'^^ needs to be 
clarified from the viewpoint of Furry's theorem. 
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The one-loop two-point function for A^j{x) and Ays{w) is given by 



(5.1) 



with the two-current operator 




ipei'y^ipn- The charge conjugation yields a change of the overall factor and the interchange 
of indices, 



From these equations, we obtain COy{xi,X2)C'^ = -|-Oy(a;i, X2). Therefore that 11^^ is 
not necessarily zero is consistent with Furry's theorem. In Eq. 02.281] . tpnPL^yn'ipo and 
ipoPpiAynipn have relative sign. If they have the same sign, the contribution from the 
first line in Eq. (15. 2p would vanish. The role of the relative sign in the term ipnAymipe in 
Eq. fl2:28|) is similar. 

Application of Furry's theorem in orbifold models may be given not only for two- 
point functions but also for other functions. For example, the vacuum expectation 
value of one current is vanishing, {Tj^^{x)) = 0, where the indices are the identical 
n. Because a nonzero II'^^ is expected from a nonzero Ilglf^, Furry's theorem in effec- 
tive four- dimensional theory may be related to the discrete symmetry in the original 
higher- dimensional theory. Due to the dependence of Lorentz transformation on the di- 
mensionality of spacetime, it is nontrivial to introduce discrete symmetry such as P, C, T 
in higher- dimensional theory fTT', T!S]. We leave further exploration of this issue for future 
work. 

6 Conclusion 

We have studied the momentum dependence of Lorentz violating terms in the field- 
theoretical context in electrodynamics on orbifolds. Here an explicit analysis has been per- 
formed for loop diagrams and renormalization. We have found that the extra-dimensional 
Lorentz invariance is violated in a generic region in the parameter space at high energy 
scales. In particular, even if the original action is higher- dimensional Lorentz invariant, 
it is violated by loop effects. While the higher- dimensional Lorentz invariance is lost, 
a higher-dimensional Ward identity has been found to be fulfilled for the one-loop vac- 
uum polarization. Therefore higher-dimensional gauge invariance may be prior to higher- 
dimensional Lorentz invariance as a guiding principle in a high-energy field theory. We 
have also discussed Furry's theorem in orbifold models to confirm the consistency about 
the vacuum polarizations. 



Cjijix)C^ = -fj,iix), Cj,,j(x)Ct = +jjAx), 
Cf:ix)C^ = +jtn{^l CjI,{x)C^ = +jf„(a;). 



(5.3) 
(5.4) 
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The four-dimensional Lorentz violation has also been studied as a distinct topic of 
Lorentz violation. In the four-dimensional electrodynamics with Lorentz violation, it 
has been discussed that Pauli-Villars regularization is a useful choice associated with 
gauge invariance [HI |20l EI]. On the other hand, it has been shown that propagators 
corresponding to Pauli-Villars are radiatively generated in an orbifold model [22]. In 
this light, the Pauli-Villars regulator may be the necessity of an extra-dimensional model 
rather than a choice. These relations should be examined further. 
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A Loop corrections 

In this appendix, the details of loop corrections are given. 



A.l Diagrams and four- momentum integrals 

We evaluate loop corrections by calculating the sum of diagrams for each Kaluza-Klein 
mode. Propagators are defined for four-dimensional fields. The tree-level propagators are 
diagonal with respect to Kaluza-Klein modes and are given by 



A.(x - w) = {TA,j„(x)A,j„(w)) f L_^e-<- (-»', (A.3) 



for bosons and 



for fermions. 

The vacuum polarizations for and Ay involve the following momentum integrals: 



2L J {27rp \pi-mi {pi+p2r-m^ J 
2L J {27rp Vpj-mj {pi+p2y-m^ ' 



for two four-indices, 



Ii{n;mi,m2) = -— / Trr^tr — ^-f^- ■ ^ > (^-8) 

2L J (27r)4 \p( -mf [pi + P2Y - J 

T ( ^ - 9'^ [ d% , ( i)i rn2 \ ... 



for one four-index and 



2L J (27r)4 ^ \pj - m\ {pi + p2f - ml 



A(m„m.).^/^tr(-^,-^i:^ , (A.IO) 



^2(^1, ma) = 777 / TTT^tr ^ , V2 2 ' (^-11) 

for no four-indices. These satisfy a property /i(//;m2,mi) = —/2(//; mi, 777.2). 
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The self-energies for -0 involve the following momentum integrals: 

BAm„m,) = --j (A.12) 

B2(m„m,) = --y (A.13) 

B,(m„m.) = --J —-^^-—^y--,, (A.14) 



^2 (mi, 7712) 



_^ /■ ^'P2 1 m2 
2Ly (27rrpl-ml(p,-p2r-mr ^ ' ^ 

With these integral expressions, the vacuum polarizations are summarized as follows: 







{h{li,iy;m^n,rri^n) + h{lJ',J^;rn^i,n,m^i,n)} , (A.16) 



{hiH, U; m^ri: m^,n+s) + -^2(/^, m^n, "^v>,n+5)} ^js, (A.17) 



'^'^^^O" = A/" ^ + ^2(/^;r77^n,"^V,n+i)}^is> (A.18) 



= ^ {/l(m^„,771^,„+j) + /2(771^n,"^v,,„+j)}5j-5. (A.19) 

n=— oo 

The vacuum polarizations for and do not give rise to one-loop corrections for brane 
terms. The Kaluza-Klein modes for external hues are diagonal. 
The fermion self-energies are summarized as follows: 



Bi{mAn,m^n)PL + B,{0,0)Pl, (A.20) 



oo 

m^n)PL + B2{mAn, m^n)PR} (^2n,s, (A.21) 

n=l 



oo 

^ = V^y^{^l(77l^n,W^^«) + B2{mAn,m^n)} PLS2n,s, (A. 22) 

n=l 



= {Bi{0,m^s) + B2{0,m^s)}d_ 
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oo 

+ ^ {Bi{mAn, ^i),j+n) + B2{mAn-, ^tp,j+n)} 5j+2ny 



n=l 

oo 



n=l 

oo 

+ ^ {Bi{mA,i+s-, m^i) + B2{mA,i+s-, m^i)} i'y^Sj^s+2i 

oo 

+ X] {Bi{mA,j+e, m^i) - B2{mA,j+e, m^t)} i^^5j+2t,s 

oo 

+ XI {Bl{mAn:m^,j+n) + B2{mAn:m^,j+n)}Sjs: (A.23) 



/-\ 



J2 MrriAn, m^n)PL - Ei{0, 0)Pl 



(A.24) 



s 



s r\ 



ni 'f^ipnjPh + B2{mAm f^T'^n) Pr} ^2n,si (A. 25) 



n=l 



-V2X'^ X {£;i(mAn, JTl^n) + E2{mAn, m^n)} ^L52n,s, (A. 26) 



n=l 



oo 

m ^VijO+s)} ^j,s+2n 

n=l 

oo 

— X {-E'l(?7T.An, '>Tl,l,,j+n) + E2{mAn, "^■y.j+n)} (^j+2n,s 
n=l 

oo 

+ XI {Ei{mA,j+h m^e) + E2{mA,j+e, m^e)} Sj+2e,s 
e=i 

oo 

+ X m^^) - E2{mA,e+s: m^e)} Sj,s+2e 

e=i 

oo 

n, in^,j+n) + E2{mAni ^ip,j+n)} ^js 

n=— oo 

- {£;i(0, m^,,-) + £;2(0, m^,)} 6,s] ■ (A.27) 
For (£^1 + £^2), the mode sum with — oo < n < oo is regarded as a formal equation because 
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Ayn has no zero mode. 



A. 2 Evaluation of momentum integrals 

We calculate the momentum integrals by introducing Feynman parameters and employing 
the dimensional regularization and the Poisson resummation. 
The momentum integrals for 11^^, are given by 

oo 



(47r)^(l + k) / "^"^ I i^^' ~ £^ ^'"^ ' ^°^(27rnpxs) j 

xx(1-x){{pI- mjjry^^ - p2i,P2i.) 

-.00 I 

1 — > _££4 I 

- - 2^ 2:3(2:3 + 22:4)6 ^3 (1 - 2x)m^sSm{2TmpXs)r]f,^ > , 

np=l I 



(A.28) 



For s = 0, the four-dimensional Ward identity is satisfied. It is also seen from the following 
equation, 

/i(/i.,t/; mi, 777,2) + /2(Ai,i^; mi, 777,2) = ^ / dx 



L Jo 



X 



1 



a; I 



1 - x){p2r]i,^ - p2f,P2u) + m2){xm2 - (1 - x)mi)r]^ 



, (A.29) 



where l — pi-\- xp2 and A = 2:7772 + (1 — a;)7r72 —x{l— x)p\ . In the main text, the letter of 
the external momentum is denoted as p instead of p2- The momentum integrals for 
are given by 

00 

(-^i(/^; rn^n, m^,n+s) + h{lJ'] m^n, m^,n+s)) 



^ 00 

+- y. ^3(^3 + 22:4)6 ^3 (1 — 2x) sin(27r77pXs) 



nv=l 



(A.30) 



The momentum integrals for IIss are given by 

00 

dx {2:4x(l — x)pI 



(47r)2(l + fc) 7o 
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-- ^ [32;|(2;3 + 2^4) + 2z3{2x{l - x)m^J] cos(27rnpa;s) 



_2£4 



ip— 

00 



1 V \ _ ^^4 I 

+ - ^3(^3 + 22;4)e ^3 (1 — 2x)m^s sin(27rnpXs) ^ . (A. 31) 



n„=l 



For fermion self-energies, the momentum integrals with —00 < n < 00 are given by 
E (Mm A ) + B2{mAn, m^,n+s)) = "T^T^ / 



\ ^ / {l + kfxs\ \ 
X < I ^^^2 — wie '"I cos ylnup- M [I — x) ypi 

^ i^ + k) , ^ , . {l + kfxs\\ 
+ 2^ ^ ^ wi{wi + 2w2)e -1 sin \^27mp^ ^ j > . (A.32) 



Here 



wi^^, W2^^x{l-x)(^^^^ml^-pi^, (A.33) 

w = x{l + kf + {l-x){l + X). {AM) 
The momentum integrals for Ei and E2 are obtained as with the relations 

Ei{mi, 1112) ^ -^Bi{mi, 1712), E2{mi, 1112) ^ ^B2{mi, 1712). (A.35) 
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